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This article reviews the methods used to obtain a two-sided bound on isotropic
modified Maxwell theory from experimental data of ultra high-energy cosmic
rays in 2008. The bound is updated with results from the HEGRA experiment.
1. Introduction
The advent of quantum mechanics at the beginning of the 20th century
marks an important step into a new era of physics. The classical theory was
left behind and it became possible to describe physical processes occurring
at the atomic length scale of 10−10m. Quantum mechanics was then also
applied to atomic nuclei reducing the length scale of its applicability again
by five orders of magnitude. In the aftermath, quantum field theory was
developed, which for several decades has been used to great success in order
to understand physics down to approximately 10−18m.
Perhaps a similar revolution is currently taking place at the beginning
of the 21st century. The interest in experiments looking for signs of quan-
tum gravity, which is expected to play a role at the Planck length i.e. at
10−35m, has been steadily increasing. If Einstein’s relativity and quantum
physics are assumed to be still valid at this scale, both theories will have
to merge into a new theory correctly describing fluctuations of spacetime
itself. Currently there is no chance of investigating quantum gravitational
effects directly at the Planck energy. However there is a clear signal for
such effects that may be visible far below the Planck energy: a violation of
Lorentz symmetry.
The latter is motivated by various approaches to a fundamental the-
ory: string theory, loop quantum gravity, noncommutative spacetime, etc.
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Since we currently still do not know how such a theory looks like it makes
sense to study Lorentz violation within a model-independent framework:
the Standard-Model Extension (SME).1 This is a collection of all field
theoretic operators that are symmetric with respect to the gauge group
SU c(3)×SUL(2)×UY (1) of the ordinary Standard Model but that violate
particle Lorentz invariance. The current goal of experiments is to measure
the parameters associated with these operators. A detection of nonvanish-
ing Lorentz-violating coefficients could deliver significant insights on how
different particle sectors are indeed affected by quantum gravitational phe-
nomena. So far it has been impossible to detect Lorentz violation. Hence
with better and better experiments even stricter constraints on Lorentz-
violating parameters can be set.
2. Modified Maxwell theory
In the power-counting renormalizable photon sector of the SME there ex-
ist two modifications: Maxwell–Chern–Simons (MCS) theory and modified
Maxwell theory. The first is characterized by a dimensionful scale and a
background vector field where the second involves a dimensionless fourth-
rank tensor background field. The dimensionful parameter of MCS theory
was already heavily bounded by astrophysical observations2 whereas some
of the parameters of modified Maxwell theory — especially the isotropic
sector — were only weakly bounded in 2008. This was the motivation to
consider a modified quantum electrodynamics (QED) in Ref. 3 that results
from minimally coupling modified Maxwell theory to a standard Dirac the-
ory of spin-1/2 fermions with charge e and mass M :
SmodQED = SmodMax + SstandDirac , (1a)
SmodMax =
∫
R4
d4x
{
−
1
4
Fµν(x)Fµν (x) −
1
4
κµν̺σFµν(x)F̺σ(x)
}
, (1b)
SstandDirac =
∫
R4
d4xψ(x)
{
γµ
[
i∂µ − eAµ(x)
]
−M
}
ψ(x) . (1c)
Here Fµν(x) ≡ ∂µAν(x) − ∂νAµ(x) is the field strength tensor of the U (1)
photon field Aµ(x) and ψ(x) is the spinor field. The fields are defined in
Minkowski spacetime with the metric tensor (ηµν ) = diag(1,−1,−1,−1).
The second term of Eq. (1b) containing the fourth-rank tensor background
field κµν̺σ manifestly violates particle Lorentz invariance. This field is a
low energy effective description of possible physics at the Planck scale and
it defines preferred spacetime directions.
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The modified photon action given by Eq. (1b) can be restricted to a
sector exhibiting nonbirefringenta photon dispersion laws. This is possible
via the following ansatz for the background field:
κµν̺σ =
1
2
(ηµ̺κ˜νσ − ηµσκ˜ν̺ − ην̺κ˜µσ + ηνσκ˜µ̺) , (2)
where κ˜µν is a symmetric and traceless (4×4)-matrix: κ˜µν = κ˜νµ, κ˜µµ = 0.
The isotropic part of modified Maxwell theory is then defined by the choice
(κ˜µν) ≡
3
2
κ˜tr diag
(
1,
1
3
,
1
3
,
1
3
)
. (3)
From the field equations results a modified photon dispersion law that is
isotropic in three-space:
ω(k) = c
√
1− κ˜tr
1 + κ˜tr
k . (4)
Here ω is the photon frequency and k the wave number. Note that c is the
maximum attainable velocity of the Dirac particle described by Eq. (1c),
which is not affected by Lorentz violation. Dependent on the choice of κ˜tr
the modified photon velocity does not coincide with the maximum veloc-
ity of massive particles any more. This leads to peculiar particle physics
processes, which are forbidden in standard QED.
3. Vacuum Cherenkov radiation and photon decay
The modified photon dispersion relation of Eq. (4) allows κ˜tr to lie in the
interval (−1, 1]. For κ˜tr ∈ (0, 1] the photon velocity is smaller than c and
Dirac particles can travel faster than photons. If the latter is the case, a
Cherenkov-type process in vacuum takes place leading to energy loss of the
Dirac particle by the emission of modified photons γ˜. This process occurs
above a certain threshold energy Ethresh of the massive particle (e.g. a
proton p+) and its radiated energy rate dW/dt far above the threshold is:
Ep
+
→p+γ˜
thresh =
Mpc
2
2
√
2 +
2
κ˜tr
,
dW
dt
∣∣∣∣p
+
→p+γ˜
E≫E
p+→p+γ˜
thresh
≃
7
12
ακ˜tr
E2
~
. (5)
Herein, Mp is the proton mass, α ≡ e
2/(4piε0~c) the electromagnetic fine
structure constant,b and ~ Planck’s constant. For vanishing isotropic pa-
rameter κ˜tr the threshold energy goes to infinity and the radiated energy
rate vanishes showing that the process is forbidden in standard QED.
aat first order in Lorentz violation
bwith the vacuum permittivity ε0
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Table 1. Ultra-high energy photon and cosmic ray event. For details on the Auger
event consult Ref. 3 and references therein. The HEGRA event is obtained from the
last bin of Fig. 3 in Ref. 4, which has a significance of 2.7σ. Since the energy is high
enough and the source was identified as the Crab nebula, the left-hand bin endpoint
with E ≃ 56TeV can be taken as a fiducial photon event. For the energy uncertainty
a conservative estimate of 10% is used far above the detector threshold where the
uncertainty mainly originates from statistical errors.
Experiment Observation Energy E Energy uncertainty ∆E/E
HEGRA 1997–2002 56TeV [Fig. 3 of Ref. 4] 10% [p. 12 of Ref. 4]
Auger ID 737165 212 EeV [see Ref. 3] 25% [see Ref. 3]
For κ˜tr ∈ (−1, 0) the modified photon velocity is larger than the maxi-
mum velocity of Dirac particles. In this case a photon may decay preferably
into an electron positron pair e+e−. This decay is possible above a certain
threshold energyEthresh for the photon and it has the following decay rate Γ:
Eγ˜→e
+e−
thresh =Mec
2
√
2−
2
κ˜tr
, Γγ˜→e
+e− |
E≫E
γ˜→e+e−
thresh
≃ −
2
3
ακ˜trE , (6)
with the electron mass Me. The crucial difference from vacuum Cherenkov
radiation is the minus sign appearing together with κ˜tr. This tells us that the
above equations only make sense for negative Lorentz-violating parameters.
4. Updated two-sided bound on the isotropic parameter
If a hadronic primary or a photon is detected on Earth its energy must be
smaller than the threshold energy of Eq. (5) and Eq. (6), respectively. Using
then the events of Table 1 we obtain the following updated two-sided bound
on the isotropic parameter of modified Maxwell theory at the 2σ level:
−2 · 10−16 < κ˜tr < 6 · 10
−20 . (7)
The lower bound has been improved by a factor of 4 in comparison to Ref. 3.
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